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Microscopic Model: Hamiltonian  H

Ground state 
properties

Thermodynamics
excitation spectra

Dynamical 
correlation functions

Highly correlated electron/spin-phonon Systems
HighHigh--TTcc CupratesCuprates, CMR , CMR manganitesmanganites, Quasi, Quasi--1D Metal/Spin Systems1D Metal/Spin Systems

„The whole is greater than its parts“

Exact numerical studies of finite systems 
using Supercomputers

Physics

Motivation: From Physics to Supercomputers
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Motivation: Numerical Methods of HQS@HPC

Density Matrix Renormalization Group (DRMG) Method
Originally introduced by White in 1992
Very efficient for ground-state properties in (quasi) 1D models
Efficient parallel implementation (4-16 CPUs) through KONWIHR support 
(2003-2004)

Selected references to this paper:

Moreo A, Scalapino DJ 
PHYSICAL REVIEW LETTERS 98 (21): Art. No. 216402 MAY 25 2007 

Feiguin AE, White SR, Scalapino DJ
PHYSICAL REVIEW B 75 (2): Art. No. 024505 JAN 2007
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Motivation: Numerical Methods of HQS@HPC

Exact Diagonalization (ED)
Physical parameter space restricted by available computer 
resources
Approximation free – 2D/3D & excitation spectra 
Choose complete basis set -> sparse matrix problem -> 
Increase matrix as far as possible
First ED studies of correlated electron-phonon systems: 
1992/93
Finite temperature & CPT integration (KONWIHR 2005)

Focus of 2006 KONWIHR activities: Scalability issues on 
HLRB-II
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Motivation: Sparse ED implementation

MPI(+shmem)MPI+OpenMPMPI/SHMEMCMFortranParallelis.
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• Time & memory consuming step: Sparse Matrix Vector Multiplication 

• Out-of-core implementation (do not store non-zero elements)

• Largest ED study known so far: Matrix dimension Dmax= 1.59*1011

(Yamada et al., SC2005)
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Hilbert space: Direct product of electronic & phononic Hilbert space: 
{|e>|p>; e=1,…,Del; p=1,…, Dph}

A vector is defined as
|v> = Σ ve,p [|e>|p>]

Distribute “electronic part” to npro processes (rank=0,…,npro-1):
{ve,p; e=(rank*(Del/npro)+1,…,(rank+1)*(Del/npro); p=1,…, Dph}

Impact on matrix vector multiplication:
Communication may be generated by hopping (t) term
Contribution of phonon operators can be computed locally
Number of parallel processes is limited by Del

Improving Scalability:
Parallelism in Holstein(-Hubbard) type models

-t U -t
g ω
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Improving Scalability: 
Original implementation

real*8 new(Dph,1), old(Dph,1)

real*8 rbuf(Dph)
…
call MPI_ISend(old ,…,dest=1 ,…)

call MPI_Recv(rbuf,…,source=1,…)

do i=1,Dph
new(i,1) = new(i,1) -t*rbuf(i)

enddo

…

real*8 new(Dph,1), old(Dph,1)

real*8 rbuf(Dph)
…
call MPI_ISend(old ,…,dest=0 ,…)

call MPI_Recv(rbuf,…,source=0,…)

do i=1,Dph
new(i,1) = new(i,1) -t*rbuf(i)

enddo

…

{ | ,0> |p>;  p=1,…, Dph}

Program flow rank=0

{ |0, > |p>;  p=1,…, Dph}

Program flow rank=1

Holstein model: 2 sites, 1 electron (Del=2) and Dph phononic states

Running hopping part of matrix vector multiplication in parallel on 2 
processors: 

-t -t

call shmem_get(rbuf,old, dest=1) call shmem_get(rbuf,old, dest=0)
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Improving Scalability:
Load imbalance

• Parallel performance is limited by load imbalances if npro ~ Del  

• Example: 8 sites; 4 spin-up electrons 

Time per MVM step 
is determined by 
slowest process
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Improving Scalability
“Transpose” basis set

Distribute “electronic part” to npro processes
{ve,p; e=(rank*(Del/npro)+1,…,(rank+1)*(Del/npro); p=1,…, Dph}

-> Severe load imbalances for electron part
-> Process local operation for phonon part

Alternatively: Distribute “phonon part” to npro processes
{ve,p; p=(rank*(Dph/npro)+1,…,(rank+1)*(Dph/npro); e=1,…, Del}

-> Severe load imbalances for phonon part
-> Process local operation for electron part

Compute: 
Electron part

Transpose Basis
Compute: 

Phonon part
Transpose Basis
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Improving Scalability
Transpose basis set using MPI_AllToAll

Communication requirements: 2 MPI_Alltoall (A2A) per MVM

A2A implementation improves load balancing and reduces maximum 
data transfer per MPI process, e.g. for Del/npro=1

A2A implementation: 2 * 2 * (npro-1)/npro * Dph * 8 Byte
Original implementation: 2 * 2 *dim * Nel * Dph * 8 Byte
(dim=1,2; Nel =1,…,N/2 with N=8,…,16)

Test case: N=16, Nel=4, dim=2; Del=1820; Dph=30*106; 1820 cores 
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HLRB-II: Phase 2
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Improving Scalability
MPI_Alltoall and bisectional bandwidth of HLRB-II
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•Test case: MPI_alltoall ~ 8.8 s at 240 MB vector -> 27 MB/s per core

• Minimum available bandwidth > 50 MB/s per core & direction
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Improving Scalability
Improving A2A communication: shmem_get

Replace MPI_Alltoall call by explicit shmem_get calls
Shift shmem_get calls to avoid network contention

do r_part = 1 , (npro-1)   

get_data_from = mod(r_part + RANK, npro)

call shmem_get( local , remote , … , get_data_from)

enddo
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Hand coded A2A 
with shmem: 

Additional speed up 
by a factor of 2 !
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Improving Scalability
Black & White strategy to reduce network contention
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Compute: 
Electron part

Transpose Basis
Compute: 

Phonon part

Transpose Basis

Compute: 
Electron part

Transpose Basis

Compute: 
Phonon part

Transpose Basis
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Gain is proportional to 
compute time for phonon 
part!

Test case:
Compute phonon ~1 s

Even ranks Odd ranks
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Improving Scalability
Towards very large scale ED studies

“Weak scaling” analysis with different number of electrons, i.e. Del

Del/npro=1 (Del=120,560,1820,4368) - Del/npro=2 (Del=8008,11440) 
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Original A2A-shmem-BW

Matrix 
dimension: 

3.8 * 1011

Bad news:  Performance / core ~ 80 – 200 MFlop/s
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Current progress in physics

New model for boson assisted hopping transport 
(D. Edwards, Imperial College)

High-Tc cuprates (AFM spin background)
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Current progress in physics

Variational ED approach with 1 & 2 particles:
A. Alvermann, D.M. Edwards, H. Fehske, Phys. Rev. Lett. 88, 056602 (’07)

Spectral properties at half-filling (ED studies - 500+ cores on HLRB-II)

• Metal – insulator transition as λ decreases 
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Thanks to our collaborators
A. R. Bishop (Los Alamos National Lab, USA)
D. Edwards (Imperial College, UK)
E. Jeckelmann (Univ. Hannover, D)
J. Loos (Czech Academy of Science, CZ)
M. Hohenadler (Cambridge, UK)
A. Basermann (NEC, St. Augustin, D)
….

Thanks to 
KONWIHR for funding the numerical & technical work

LRZ Munich for providing access to a very powerful machine


