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1 Motivation

Among the most remarkable features of graphene are
the linear dispersion in the vicinity of the band centre
and its true 2D structure. Preparing technologically
relevant samples (nanoribbons), two additional as-
pects influence the material properties: disorder and
boundary effects. Presence of disorder in 2D systems
leads to Anderson localisation (AL) of the electronic
wave function. In finite, weakly disordered devices
the localisation length may become comparable or
even larger than the system size, leading to conduct-
ing behaviour despite localisation of the wave func-
tion. Boundary effects, and the competition between
localisation length and system size trigger technolog-
ically relevant questions:

• How much disorder can we tolerate in a sample
without destroying the conducting behaviour?

• How do the ribbon edges influence this value?

2 Models

2.1 Disordered graphene nanoribbons

Investigating the localisation properties of the single
particle wave function in graphene, we consider the
tight-binding Hamiltonian

H =

N∑

i=1

ǫic
†
ici − t̄

∑

〈ij〉
(c
†
icj + H.c.)

on a honeycomb lattice withN sites, including hop-
ping between NN〈ij〉 only. Choosing the on-site po-
tentialsǫi from the box distribution

p[ǫi] =
1

γ
θ
(γ

2
− |ǫi|

)
,

we introduce Anderson-type disorder into the model.

To model GNR we consider quasi-1D systems of fi-
nite widths with OBC (PBC) in the transversal (lon-
gitudinal) direction. Depending on the orientation of
those ribbons with respect to the honeycomb lattice,
we have to distinguish the cases of zigzag and arm-
chair geometries. Furthermore, we single out the dif-
ference between bulkγb and edgeγe disorder.
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Zigzag (left) and armchair (right) graphene nanoribbons.

2.2 Quantum RRN model

Mesoscopic regions of different charge carrier den-
sity may arise in graphene sheets because of, e.g., in-
homogeneities in the substrate or non-perfect stack-
ing. In order to model the minimal conductivity in
graphene, arandom resistor network(RRN) repre-
sentation of a graphene sheet has been proposed by
Cheianovet al. [PRL 99 176801 (2007)]. Thereby
random links between electron and hole “puddles”
(corresponding to lattice sites) are assumed to deter-
mine the observed conductivity rather than the local
conductivity of a puddle. Extending the2D quantum
site-percolation modelby including a finite “leakage”
κ between all lattice sites, the Hamiltonian reads

H = −t̄
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i∈α
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) ]
+ H.c. .

The two sublatticesα andβ represent, e.g., regions
of different charge carrier concentrations. Those re-
gions are randomly connected; theηi ∈ {0, 1} deter-
mine the present diagonal in each plaquette. Between
suchlike linked sites, the hopping probability is much
higher than for NN (reduced byκ < 1). Tuning the
expectation value of the{ηi}-distribution,p = 〈ηi〉,
controls the size of connected regions.
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Left: Generation rule for the quantum RRN model. Sublatticesα andβ form a bipartite checker-

board on the 2D square lattice. Right: Particular realisations of the RRN forp = 0.5 andp = 0.9.

3 Methods for detecting AL

The largelocalisation lengthsin disordered 2D sys-
tems necessitate the investigation of system sizes be-
yond reach of standard exact diagonalisation (ED)
methods. Instead, we applyChebyshev expansion
techniques, requiring only matrix vector multiplica-
tions of a state with the (sparse) Hamiltonian. The
local distribution approachfor the local density of
states (LDOS) allows for an energy resolved inves-
tigation of the localisation properties of the single
particle eigenstates. In addition, we propagate an ini-
tially localised wave packet by applying thetime evo-
lution operator in order to substantiate our findings.

3.1 Local distribution approach

Schubert, Schleede, Byczuk, Fehske, Vollhardt, PRB81155106

(2010); Alvermann, Fehske, Lect. Notes Phys.739, 505 (2008)

In a given sample of a disordered system translational
invariance is broken. The local properties of sitei are
reflected in the LDOS,

ρi(E) =

N∑

m=1

|〈i|m〉|2 δ(E − Em) .

Recording theprobability density functionf [ρi] for
many different sites{i} of a certain sample and dif-
ferent sample realisations{ǫi} restores translational
invariance on the level of distributions: The shape of
f [ρi] is determined byp[ǫi] (i.e. byγ) but independent
of {i} and{ǫi}. Normalising the LDOS to themean
DOS ρme = 〈ρi〉, allows for a detection of the lo-
calisation properties performing a finite-size scaling
for the LDOS distribution or the cumulated distribu-
tion function,F [ρi] =

∫ ρi
0 f [ρ′i] dρ

′
i. Thetypical DOS

ρty = e〈ln ρi〉 also signals the changes in the shape of
the LDOS distribution. While forN → ∞ an ex-
tended state is characterised by finite values ofρme
andρty, for localised statesρme is finite butρty → 0.
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Probability distribution of the normalized LDOS for statesin the band centre of a cubic (upper

panel) and 2D honeycomb (lower panel). To ensure a proper statistics, the LDOS values of

K = 2 × 106, 4 × 105, 8 × 104 different sites and disorder realizations were calculatedfor

N = 403, 603, 1003. The KPM resolution was adapted to containNk = 140 states within the

kernel, irrespective of the system size. In 2D we studiedN = 1922 (black),3962 (red),7922 (blue)

to match the correct boundary conditions and assembledK = 2×106, 4×105, 8×104 LDOS values.

The logarithmic representation,̃f [ln ρ̃i(E)], enables a single comparison with the suggested log-

normal distribution Mirlin Phys. Rep. 326 259 (2000)], φ0(ρ̃i) = 1√
2πσ2

0

1
eρi

exp
[
− (ln eρi−µ)2

2σ2

0

]
.

Since the mean value and the norm off [ρ̃i(E)] are unity, the same should hold for the distribution

φ0(ρ̃i). This can be ensured by requiring2µ = −σ2
0, thereby reducing the number of free fit-

parameters to a single one. Due to this additional requirement,φ0(ρ̃i) fulfills the symmetry relation

ρ̃3
iφ0(ρ̃i) = φ0(ρ̃

−1
i ) (see middle panel), which was first derived for the non-linear σ-model[(Mir-

lin/Fyodorov JP I France4, 665 (1994)].

3.2 Chebyshev expansion technique

Weiße, Wellein, Alvermann, Fehske, RMP78, 275 (2006)

Alternatively, therecurrence probabilityPR(t) in the
limit t → ∞ also reveals the localisation proper-
ties of the system. While in the thermodynamic limit
PR ∼ 1/N → 0 for extended states, localised states
are characterised by a finite value ofPR. Starting
from a localised wave packet, we calculate the time-
dependent local particle density,

ni(t) = |ψ(ri, t)|2 =
∣∣∣
N∑

m=1

e−iEmt〈m|ψ(0)〉〈i|m〉
∣∣∣
2
,

by expanding the time-evolution operator into a fi-
nite series of Chebyshev polynomials. Also forni(t)
the local distribution approach applies. But since any
initial state in general contains contributions of the

whole spectrum, examiningni(t) does not allow for
an energy resolved investigation of localisation as the
LDOS. Instead it provides a tool for a global exam-
ination of the spectrum with relevance for possible
measurements. A finite overlap of already one ex-
tended state with the initial state leads to a complete
spreading of this state after some time.

4 Numerical results

4.1 Edge versus bulk disorder

Schubert, Schleede, Fehske, PRB78, 155115 (2008)
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Mean and typical DOS for zigzag and armchair ribbons of widthW = 1.1 nm. We compare the

influence of edge to bulk disorder for two disorder strength.To illustrate the localisation properties,

in each panelρty is given forL = 213 nm andL = 2128 nm.

♣ In contrast to zigzag andNa = 3n armchair rib-
bons, the DOS for other (regular) armchair ribbons
is gapped atE = 0. Introducing disorder, localised
states emerge in the gap. Above a critical disorder
strengthγc the gap vanishes, withγce > γcb.

♣ Analysing ρty reveals the localisation proper-
ties: The reduced values ofρty indicate localisation
throughout the band for both ribbon geometries and
the shown values of bulk disorder. Weak edge disor-
der cannot localise the wave function on short arm-
chair ribbons as indicated by the approximate agree-
ment ofρty andρme. Only for larger systemsρty is
substantially reduced, pointing towards localisation.
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Left panel: LDOS in the vicinity of an impurity in graphene measured byNiimi et al. [(PRL

102, 026803 (2009)], using STM. Right panel: Calculated LDOS on disordered GNRs – inaddition

to contrasting bulk and edge disorder, we compare in the left(right) column the influence of the

aspect ratiosL×W = 31.4× 13.5 (31.4× 3.3) nm2, corresponding to256× 64 (256× 16) sites.

♣ To get more thorough insight into the nature of
eigenstates on GNRs, the normalised LDOS can be
calculated as a function of position and then related
directly to STM measurements. Thereby the chequer-
board like structure of the states in the inner ribbon,
the amplification of the LDOS near the edges and the
occurrence of filamentary structures can be seen.
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Time evolution of an initially localised wave packet on disordered zigzag and armchair ribbons for

different values of bulk disorderγb. Shown is the normalised particle densityN |ψ(ri)|2. Device

dimensions:(1.1 × 213) nm2 with N ≈ 104 atoms.

♣ Considering the quantum dynamics of a particle
injected into disordered GNR, after a fast spreading
process, the maximum extension of the wave func-
tion does not change anymore, even for very long
times. On individual sites the amplitudes fluctuate
with time, giving the state a “quasistationary” nature.
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♣ The localisation length depends both on disorder
strength and edge geometry. Armchair ribbons are
more susceptible to the presence of disorder than
those of zigzag type (shorterλ for the sameγb). Rib-
bons of moderate length and weak disorder:λ > L
; wave function spreads over the whole ribbon.

♣ Even though Anderson localisation takes place in
2D disordered systems for anyγ > 0, the finite ex-
tension of the systems calls for a more in-depth con-
sideration. For a given ribbon size we can estimate
up to which disorder a given sample is metallic.

4.2 Leakage effects in RRNs

Schubert, Fehske, PRB78, 155115 (2008)
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Left: Mean and typical DOS for the RRN model on aN = 4002 lattice. For comparison

ρty is also given forN = 8002. Right: Size dependence ofF [ρi/ρme] at certain energies

(indicated by the vertical dashed lines in the left panels).

♣ The inclusion of next-NN hopping causes a pro-
nounced asymmetry that grows with increasingκ.
The multitude of spikes can be attributed to localised
states on “isolated” islands, getting less probable for
increasingκ. As compared to the quantum perco-
lation model, the presence ofκ shifts those special
energies.

♣ For smallκ all states are localised (vanishingρty),
except for the band centre in (c). There, the two-
step structure off [ρi/ρme] gives a hint to a bimodal
(checkerboard) structure of the wave function.

♣ The finite, system size independentρty for larger
κ points towards extended states. The reduction as
compared toρme can be explained by the sublattice
structure and leakage effects.
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Normalised occupation probabilityN |〈i|n〉|2 of characteristic eigenstates|n〉 on aN = 1282 RRN-

lattice as obtained by ED. Same parameters(p, κ, En) as in the previous figure.

♣ Panel (a) shows a localised state. For largeκ,
the amplitudes in (d) fluctuate over the whole lattice
without any global structure, indicating an extended
state. In contrast, the additional structures on inter-
mediate scales in (b) suggest localisation on large
length scales.

♣ For case (c) we find a checkerboard structure of the
amplitudes. The two-step structure inF [N |〈i|n〉|2] is
less pronounced than forF [ρi/ρme]. Note that here
only a single eigenstate of theE = 0–subspace is
shown.

5 Conclusions

By means of the local distribution approach we were
able to distinguish localised from extended states for
two disordered tight-binding models, in particular for
transport models for graphene. Anderson localisa-
tion is identified by a log-normal distribution of the
LDOS that shifts towards zero for increasing system
size. The localisation length for weakly disordered
graphene nanoribbons may be larger than the sys-
tem size, leading to conducting behaviour. Also in
a RRN model, aiming at modelling the influence of
charge inhomogeneities, we found conducting states,
for which the existence is mainly triggered by the
leakage rate between the regions of different charge
carrier concentrations.
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